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effects may occur in other types of polymer single crystals. 
Finally, it is worth noting that these observations may 

be of some importance in crystal structure analysis of 
polymers. The exact symmetry of a crystal is crucial for 
the determination of its structure. If the crystals contain 
microdomains, the X-ray or electron diffraction pattern 
may contain “mixed” symmetry elements leading to an 
incorrect crystal structure analysis. 

Registry No. P4MP1, 25068-26-2. 

References and Notes 
(1) Geil, P. H. Polymer Single Crystals; Wiley-Interscience: New 

(2) Wunderlich, B. Macromolecular Science; Academic: New 
York, 1963. 

York, 1972; Vol. 1, p 283. 

(3) Tani, S.; Hamada, F.; Nakajima, A. Polymer J. (Tokyo) 1973, 
5, 86. 

(4) Dong, D. H. M.Sc. Thesis, Universit6 du Quhbec, Montreal, 
1980. 

(5) Charlet, G.; Delmas, G. Polymer 1984,25, 1619. 
(6) See for instance: Electron Microscopy and Microbeam 

Analysis; Siegel, B. M., Ed.; Wiley: New York, 1975. 
(7) Charlet, G.; Delmas, G.; Revol, J. F.; Manley, R. St. J. Polymer 

1984,25, 1613. 
(8) Frank, F. C.; Keller, A.; OConnor, A. Philos. Mag. 1964,5,293. 
(9) Blundell, D. J.; Keller, A. J. Macromol. Sci., Phys. 1968, B2, 

337. 
(10) Kovacs, A. J.; Lotz, B.; Keller, A. J. Macromol. Sci., Phys. 

1969, B3(3), 385. 
(11) Donnay, G.; Donnay, J. D. H. Can. Mineral. 1974, 12, 422. 
(12) Friedel, G. Leqons de Cristallographie; Berger-Levrauk Paris, 

(13) Catti, M.; Ferraris, G. Acta Crystallogr., Sect. A: Cryst. Phys., 
1926. 

Diffr. Theor. Gen. Crystallogr. 1976, A32, 163. 

Conformational Analysis of Broken Rodlike Chains. 1. Scattering 
Function of Rods Joined Together by Flexible Coils 

Yoshio Muroga 
Department of Synthetic Chemistry, Faculty of Engineering, Nagoya University, Furo-cho, 
Chikusa-ku, Nagoya 464, Japan. Receiued November 20,1987; 
Revised Manuscript Received February 22, 1988 

ABSTRACT The particle-scattering function for rods joined together by flexible coils is derived by using 
Hermans’ technique, which was originally used for freely hinged rods. It is shown that the scattering function 
derived can be reduced to that for freely hinged rods and also for randomly coiled chain by changing the content 
of flexible coils in the particle. Moreover, i t  is pointed out that  the reduced particle scattering function is 
independent of molecular weight distribution in the high wave vector region, available in small-angle X-ray 
scattering experiments, 80 that the reduced particle scattering function may be used for studying the conformation 
of polypeptides with a broad molecular weight distribution. 

Introduction 
It is well-known that most polypeptides such as poly@- 

or D-glutamate), poly(L-lysine) or DNA show the helix- 
to-coil transition. A polymer in its helix region is not a 
rigid rod but may have a structure of freely hinged rods, 
while that in its helix-to-coil transition region may be 
represented by several rods joined together by flexible coils. 
Those structures are sometimes called “broken rods”. 
However, detail in its structures has not yet been clarified. 
To study the detail in their molecular conformations, the 
particle-scattering function in light scattering (LS) or 
small-angle X-ray scattering (SAXS) may be useful. The 
particle-scattering function for freely hinged rods has been 
presented by Hermans and Hermans,l and the particle- 
scattering functions of polymers having the conformations 
of random coil, rigid rod, and wormlike  hai ins^-^ have 
already been calculated. However, the particle-scattering 
function for the broken rod in the helix-to-coil transition 
region has not been derived. 

In the present paper, it is shown that Hermans’ tech- 
nique can be extended to the calculation of the scattering 
function of a molecule consisting of several rods joined 
together by flexible coils. Application of the results to 
analysis of the conformation of poly(sodium D-glutamate) 
in the helix-to-coil transition region is given in the following 
paper6 in this issue. 

In general, the particle-scattering function in LS or 
SAXS is sensitive to molecular weight distribution. 
However, it is shown that the functional form in the large 
wave vector region, which can be attained in SAXS, is 
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insensitive to molecular weight distribution since the 
scattering from only a part of the chain can be observed. 

Computation Result 
Let go be the unit vector in the direction of the primary 

beam, 3 the vector in the direction of the scattered beam, 
zjk the distance vector between the and k scatterers, and 
X the w y e  length of the light in the solution. The wave 
vector h is defined by 

(1) 

(2) 

where 8 is the scattering angle. The scattering intensity 
is proportional to 

ii = 2T(Z - l io)/X 

h = (4r/X) sin (0/2) 
The absolute value of is 

(3) 

As is shown in Figure 1, a rod of length A and a rod of 
length a are named R rod and C rod, respectively, and all 
rods are numbered in succession: the first C rod is num- 
bered 1 and the last R rod is numbered N(n+l). Here, let 
the position of a scatterer in the R rod be denoted by P 
and that in the C rod by Q. If the position of P in the 
k(n+l)th R rod is measured as a distance between P and 
the end of the (k(n+l)-1)th rod, it is given by the distance 
 AX^(,,+^), where x varies from 0 to 1. When the scatterers 
are distributed continuously in the rod, the scattering from 
a scatterer at P should be regarded as that from an element 
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(exp(i8-2)) = (sin p z ) / ~ z  (11) 
holds in this case, we obtain ( S k )  as follows: 

with 

and 

(8,) = 2 N P )  - (4 /P2)  sin2 (P/2) (12) 

3 = A& (13) 

A(@) = (1/P) f ( s in  0 t / t )  dt (14) 

In a similar way, we find ( S k , l )  for 1 < k 

( k - l ) ( n + l )  + n  throd; c Rod / 

k ( n + l )  th rod; R Rod 

Figure 1. Broken rod consisting of rods named R with length 
A and rods named C with length a. 

of length A dxk(n+l) at point P. In a similar way, the 
scattering from point Q in the (l(n+l)+m)th C rod can be 
regarded as that from an element of length a dyl(n+l)+m at 
point Q, whose position is given by the distance ayl(n+l)+m 
between Q and the end of the (l(n+l)+m-1)th rod, where 
y varies from 0 to 1. In the following calculation, three 
cases are separately treated case I is where two scatterers 
are in R rods, case I1 is where they are in C rods, and case 
I11 is where one is in a R rod and the other is in a C rod. 

Case I. If$e beginning of the first C rod is at the origin 
0, vector OP will be given by 

k-1- n k-1- 

1=1 h = l  j=O 
Rk(n+l) = ACUi(n+l) + CUj(n+l)+h + A X k ( n + l ) c k ( n + l )  

(4) 

where ci(n+l) is a unit vector parallel to the direction of 
the (i(n+l))th rod. Thus, eq 3 becomes 
R,9 = 

1 1 
A2C C 1 dxk(n+l)J dXl(n+l) exp[ih'(fik(n+l) - f i l ( n + ~ ) ) I  

(5) 
k l  0 

Here, terms with k = 1, sk, are separated from those with 
k # 1, Sk , l :  

and S k , l  is given by 

n 1-1 1-1 - 
a c u j ( n + l ) + h  + A ,  Ui(n+l) (lo) 

h = l  j = k  i=k+ l  

As the direction of any rod in space is assumed to be 
entirely independent of the position of the others, the 
averaging over all conformations of the molecule is replaced 
by independently averaging over all possible directions of 
the rods. Denoting the averaging by ( ) and making use 
of the fact that 

where 
ii = ah 

The same formula is obtained for 1 > k, except that the 
exponents k-1 and k-1-1 must be replaced by l-k and 
1-k-1, respectively. Both integrals in eq 15 are equal to 
A@). If summations in eq 6 are carried out, the averaged 
scattering intensity for case I, (&)RR, is obtained as fol- 
lows: 

where 
sin CY 

w = -  

sin P 
P 

a! 

y = -  

Equation 17 has the property that (Ro)RR/A2 tends to 
the value N2 when the scattering angle tl becomes zero, as 
it should be. 

Case 11. When two scatterers are in the same or dif- 
ferent C rods, the averaged scattering intensity, (RB)CC, 
is derived exactly the same way as in case I: 

where 

W(a) = (l /a) Ja(sin t / t )  dt (21) 

When the scattering angle 0 becomes zero, (R8)cc/a2 
tends to the value n2N2. 

Case 111. When one scatterer is in a C rod and the other 
one is in a R rod, the averaged scattering intensity, (Ro)RC, 
is obtained as follows: 
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As it should be, when the scattering angle 0 becomes zero, 
(Re)Rc/aA tends to 2nN2. 

The total averaged scattering intensity from a polymer 
chain, (Re)o, is given as a sum of each contribution: 

(Re)o = (RB)RR + (Re)cc + (RB)RC (23) 

where ( R B ) ~ R ,  (R,)cc,  and (R0)Rc are given by eq 17, 20, 
and 22, respectively. It is easily ascertained that, when 
n = 1 and a = A in eq 23, the total scattering intensity is 
reduced to that from a random zigzag chain with 2N 
segments. 

In order to get the averaged scattering intensity from 
N rods joined by random coils, (R,), n in (RB)O is allowed 
to become infinite while a tends to zero in such a manner 
that nu2 = ( r 2 )  remains finite. In this limit, making use 
of the approximation 

the following final result can be obtained: 

(Rd  =, 

I+ ( 1  - e-W)(l  - v )  

Nw2(1 - 

{ 2 N  - 1 - 
I (25) 

( 1  + ve-W)(l - (ve-w)N) 2naAh(P)(1 - e-W) 
w(1 - ve-w) 

where w is defined by 

na2 nu2 4?r 
w = - = -( sin2 (:) (26) 6 6  

When the scattering angle 0 tends to zero, (R,) tends to 
( N A  + nNc#. This procedure of tending n to infinity and 
a to zero is equivalent to the assumption that the con- 
formation of a random coil portion follows the Gaussian 
distribution function. 
As it should be, when A becomes zero, (Re) becomes one 

for a Gaussian chain composed of nN segments: 

where Z is defined as 

Z = w N  (28) 
Equation 27 is a well-known Debye function. 

Moreover, as the rod length a tends to zero, i.e., the 
polymer chain becomes N freely hinged rods of length A,  
eq 25 is reduced to 

This formula is the same one as that derived by Hermans 
and Hermansl for N freely hinged rods of length A. 

As is well-known, at a sufficiently small scattering angle, 
the reduced scattering function, P(6) should follow the 
standard expression, 
( R , ) / ( N A  + nNa)2 (=P(B)) = 1 - h 2 ( R G 2 ) / 3  + ... (30) 

( R , )  / ( N A  + nNa)2 = exp ( -h2- ( R f ) )  (31) 

where (RG2) is a mean-squared radius of gyration. We get 
a corresponding expression for a broken rodlike chain by 
series expansion of eq 25 as follows: 

(+ye)) = 1 - (Rd  
( N A  + nNa)2 

h2 1 
18 ( N A  + nNa)2 
- 

( N+)na2) + 
3(2N - l )na2 (5N - + ... (32) 2N 

2nN2aA + 
That is, we have ( R G 2 )  as a prefactor of h2/3  in the right 
side of eq 32. If a = 0 and N = 1, i.e., in the case of a single 
rod of length A ,  we have (Rc2)  = A2/12,  while, if A = 0, 
i.e., in the case of a Gaussian coil of nN segments of length 
a, we have ( R G ~ )  = nNa2/6, as expected. We can see that 
the limiting form such as eq 31 holds only when h is lower 
than, say, 0.014 A-1 if the contour length L = 2000 A, A 
= 50 A, a = 5 A, N = 20, and n = 10 at the helical content, 
f = 0.5, whereas a corresponding h is 0.008 A-1 for a freely 
hinged rod of L = 2000 A, A = 50 A, and N = 40 and 0.024 
A-1 for a random coil of L = 2000 A, a = 5 A, N = 20, and 
n = 20. 

At  the limit of high angles, moreover, the reduced 
scattering intensity ( R,) / ( N A  + nNa)2 (EP(f3)) should be 
inversely proportional to molecular weight, or N ,  in general. 
It can be easily shown that ( R , ) / ( N A  + nNa)2 (=P(B)), 
given by eq 25, is inversely proportional to N at high angles 
if N is sufficiently large. 

Discussion 
Equation 25 can represent scattering behaviors of all 

types of polymer chains from a broken rod to a randomly 
coiled chain. I t  is important to observe the behavior of 
(R,) as a function of a fraction of rod portions to a whole 
polymer chain, f ,  defined by 

N A  
= nNa + N A  (33) 

while the contour length of a polymer chain, L, given by 
N A  + nNa, is kept constant. In Figure 2 is shown the 
variation of reduced scattering intensities (Re) / ( N A  + 
nNa)2 with f ,  in the form of the Kratky plot, Le., i(B)h2 vs 
h. In the simulation, A and n are changed with f through 
the relations A = ( L / N ) f  and n = (L /Na) ( l  - f ) ,  while L,  
N ,  and a are kept constant throughout variation o f f ,  L = 
500 A, N = 10, and a = 3 A. The curves are significantly 
affected by f ,  and as f is changed from zero to unity, the 
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Figure 2. Change of Kratky plot of a broken rodlike chain with 
a fraction of rod portions to a whole polymer chain, f ;  A, 0.0 
(random coil); B, 0.1; C, 0.2; D, 0.3; E, 0.4; F, 0.5; G, 0.6; H, 0.7; 
I, 0.8; J, 0.9; K, 1.0 (freely hinged rod). L = 500 A, N = 10, and 
a = 3 A. See text for the notation. 
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Figure 4. Change of the normalized Kratky plot of broken rods 
with contour length, L: 1,1000; 2,2000; 3,3000; 4,4000; 5,5000 
A. Rod length, A, is fixed at 25 50, and 100 A for A, B, and C, 
respectively. Coil length, a = 5 A. Rod content, f = 0.5. Curves 
A and B were shifted a distance of 0.16 X 
upward along the ordinate, respectively. 
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Figure 3. Change of the normalized Kratky plot of freely hinged 
rods with contour length, L: 1,1000; 2,2000,3,3000,4,4000, 5, 
5OOO A. Rod length, A, is fixed at 25,50, and 100 A for A, B, and 
C, res ectively. Curves A and B were shifted a distance of 0.2 

upward along the ordinate, respectively. 

scattering curve is smoothly converted from one extreme 
case of a randomly coiled chain to the other extreme case 
of a random zigzag chain. Moreover, it is observed that 
the oscillation in the Kratky plots becomes marked as A 
becomes larger, reflecting the fact that the terms A@), sin 
(p /2 ) ,  and u in eq 25 involve the quantity Ah. 

As is well-known, in general, the particle-scattering 
function in light scattering (LS) is sensitive to molecular 
weight distribution, so the particle scattering function 
could be unambiguously analyzed only if the sample has 
a narrow molecular weight distribution. But it is not easy 
to obtain such an ideally prepared polypeptide. In the high 
h region in SAXS, however, it can be expected that the 
functional form of I(h) vs h becomes independent of mo- 
lecular weight distribution, since the scattering from only 
a part of the chain can be observed. In order to ascertain 
this expectation, the theoretical curves were calculated 
with fixed rod lengths A and various contour lengths L. 
In Figures 3 and 4 are shown such theoretical scattering 
curves in the form of Ih2 vs h for freely hinged rods and 
broken rods, respectively. In both figures, the reduced 
scattering intensities, ( R8) / ( N A  + were normalized 
by multiplying them by the contour length, L. The contour 

X 10- B and 0.1 X 

- ,  . I I I , ,  . I I I ,  

0.00 0.04 0.08 0.12 0 . 1 6  0.20 0.24 
H [ R m m t - 1 1 1  

Figure 5. Change of the Kratky plot of freely hinged rods with 
the rod number, N: A, 10, B 15; C, 20; D, 25; E, 30; F, 35. Contour 
length, L, is fixed at 1000 A. Arrows in the figure indicate the 
values of h. above which the normalized Darticle-scattering 
function becomes insensitive to molecular weight. 

2 1 1  

- r  I 
0.00 d.04 ' d.08 ' 0.12 ' 0 . 1 6  ' 0 . 2 0  ' 

H [ R u n t - 1 1 1  
0.24 

Figure 6. Change of the Kratky plot of broken rods with the 
rod number, N: A, 5, B, 10; C, 15; D, 20; E, 25; F, 30. Contour 
length, L, is fixed at lo00 A. Coil length, a = 5 A. Rod content, 
f = 0.5. Arrows in the figure indicate the values of h, above which 
the normalized particle-scattering function becomes insensitive 
to molecular weight. 

length, L,  is changed from 10oO to 5000 A for three cases 
of A = 25,50, and 100 A. In Figure 4, coil length, a, and 
rod content, f ,  are fixed at  5 A and 0.5, respectively. It is 
seen that, for each length of A,  all such normalized t h e e  
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Figure 7. Comparison between the Kratk plot of broken rods 
(BR), characterized b f = 0.5, L = 1000 1, N = 10, n = 50/3, 
A = 50 A, and a = 3 2 and those of wormlike chains with per- 
sistence lengths: A, 10; B, 20; C, 50; D, 100 A. See text for the 
notation. 

retical curves behave in exactly the same way above ca. 
0.03-0.10 A-1 in h, except in the case of very low molecular 
weight. 

While such a normalized theoretical curve is insensitive 
to the contour length of a molecule, a theoretical curve can 
be proved to be sensitive to rod length, A. This is shown 
in Figures 5 and 6 for freely hinged rods and broken rods, 
respectively, where L is fixed at  lo00 A and the rod num- 
ber, N, is changed from 10 to 35 in Figure 5 and from 5 
to 30 in Figure 6. The rod length, A, is simultaneously 
changed through the relations NA = L and 2NA = L. In 
Fi ure 6, the coil length, a, and rod cotent, f ,  are fixed at 

the normalized particle-scattering function becomes in- 
sensitive to molecular weight, are indicated by arrows in 
the figures. From the above observations, it can be safely 
concluded that we can analyze the conformation of a po- 
lypeptide by comparing the experimental normalized 

5 1 and 0.5, respectively. The values of h, above which 
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particle-scattering function with the calculated one in 
Figures 5 and 6 in the high h region, even if the sample 
has a broad molecular weight distribution. 

It is interesting to see whether the scattering behavior 
of such a broken rod could be replaced by that of a 
wormlike chain with a mean persistence length (PI) aver- 
aged along a polymer chain or not. The reduced scattering 
intensity of wormlike chains is given by Sharp and 
Bloomfield' as follows: 

4 7 
15L, 15L,u P(0) = 2~-~(exp(-u) - 1 + U} + - + - - 

where u and L ,  are given by 

L L, = - 
Pl 

(35) 

(36) 

Equation 34 is valid for L, > 10. In the case of a polymer 
chain composed of rods joined by flexible coils, which is 
characterized by L = 1000 A, f = 0.5, A = 50 A, a = 3 A, 
N = 10, and n = 5013, eq 25 is compared with eq 34 in 
Figure 7. It is clear that broken rod polymers cannot be 
represented by the wormlike chain model. 
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